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Structure of the Time Projection for Stopping Times
in von Neumann Algebras
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We give an explicit formula for the time projection in an arbitrary von Neumann algebra
from which all its basic properties can be easily derived. The analysis of the situation
when this time projection is a conditional expectation is also performed.
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1. INTRODUCTION

The aim of these notes is to investigate some properties of the time projection
for a stopping time in a von Neumann algebra. This is done solely by using an
explicit formula for the projection, without any reference to stochastic integra-
tion. In particular, we obtain simple conditions for stopping a noncommutative
martingale. The problem of when the time projection can be treated as a condi-
tional expectation is also addressed. Its solution, known in the case of the Clifford
probability gauge space, is thus generalized to a fairly general context.

2. PRELIMINARIES AND NOTATION

Throughout the paper A will denote a von Neumann algebra acting in a
Hilbert space H with a cyclic and separating vector 2. @ will stand for a (normal
faithful) vector state on A induced by 2. Let (A, : ¢ > 0) be afiltration of A, i.e. an
increasing net of von Neumann subalgebras of A such that A = A, := (U;>0.4,)".
We assume that there are normal conditional expectations E,, ¢ > 0, from A
onto A, leaving w invariant. It follows easily (cf. [Barnett and Thakrar, 1987,
Proposition 1.2]) that if we define

P(xQ) =Ex)Q, x € A,
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then P, is a projection from H onto H, = m consequently, P, € A7; we have
also E,E, = E;E; = E, ;. In what follows we shall be concerned with the “time
parameter” ¢ belonging either to the interval [0, +00) or to the interval [0, u],
where 0 < u < 400. Accordingly, we adopt the following definition. A (quan-
tum, noncommutative) stopping time t is an increasing net (gq;), ¢ € [0, 400) or
[0, +00] of projections such that ¢, € A;, go =0, and V,>0q; = 1 in the case
t € [0, +00) or g, = 1 in the case ¢ € [0, +o00]. The definition above is a proper
generalization of the notion of the classical (commutative) stopping time (cf. Bar-
nett and Lyons, 1986; Barnett and Thakrar, 1987, 1990; Barnett and Wilde, 1990
for more information). A fairly general theory of stopping a noncommutative pro-
cess has so far been achieved only for martingales. Let us briefly recall its main
points here.

A martingale in H is a process (£(¢): ¢ > 0) such that £(¢) € H, and for each
s,t>0, s <t,

PE(t) = &£(s).

If we allow f € [0,+o0o] then it follows that there is &(=£(oc0)) such
that £(t) = P,£; such martingales are called closed, and it is not diffi-
cult to see that the following conditions are equivalent: (i) (£(¢)) is closed
(i) sup, || ()]l < oo (iii) there exists lim,_, o, & (¢) (cf. [Barnett and Wilde, 1990,
Proposition 1.1]).

Now stopping (£(7)) consists in the following procedure. For interval
[0, u] (u = +o0 if (£(7)) isclosed) we consider its partition 6 = {0 =1y < ; <

. < t, = u}, and form the sum

oy = Y _(ay — a1 (). 1)
i=1

Taking the limit of the net {£;): @ —partition} as 6 refines, gives us the stopped
element &;(u), which is all we need if u = 4+o00; however, if u < +00 it seems
reasonable to define &; as lim,_, o & ().

The existence of the two limits above is by no means obvious. It turns out that
while the limit in (1) does exist it need not be so with the other one, and thus we
are guaranteed only of the possibility of stopping a closed martingale. To analyze
&:(0) observe that the martingale property yields

) =P, i=1,....n,

and hence

o) = ) (@ — 4 )Py E). 2
i=1
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Put

Meoy@) =Y (q, —d1,_) P,
i=1

Then M. )(u) is a projection in H (recall that P, € A}, q;,_,, q;, € A).Itiseasily
seen that the net {M)(u): 6 —partition} decreases, so there exists limy M) (u)
which we denote by M, (u) and call the time projection; it is also clear that

M) =\ Meo(w).
0

Accordingly, we have by (2)
§:(u) = lim &) = lim M) ()& () = M:()E (u).

If u = 400 we shall write M, instead of M,(c0); note that this is the case con-
sidered in Barnett and Lyons (1986), Barnett and Thakrar (1990), Barnett and
Wilde (1990), and mainly in Barnett and Thakrar (1987). However, in Barnett and
Thakrar (1987) a more general setting that we have defined above is also taken
into account.

As afinal remark let us observe that the definition of the time projection as well
as the results of the next section could be obtained for Haagerup’s L>(A, w)-space
and the algebra A acting on it by left multiplication, especially in view of a spa-
tial isomorphism between the representations (A, H, Q) and (A, L*(A, ), hw/ 2)
where he) Zisa cyclic and separating vector in L?(A, w). The reasons for which
we have adopted a more traditional approach lie in Section 3. There we want to
treat the time projection, which is a projection in a Hilbert space, as a projection
in the algebra A, and passing from one to another is much more straightforward
in our original setup where we have a natural embedding of 4 into H given by
A>3x > xQeH.

3. REPRESENTATION OF THE TIME PROJECTION

In this section we analyze various properties of the time projection by means
of an explicit formula expressing it in terms of the P, and ¢;.

Theorem 3.1. Letu € (0, +00]. Then
M) = N (qu—aP"). 3)

t<u

Proof: Take the partition 6y = {0 = 7y < t; = u}. We have

Ml’(u) S MT(Q{)) = (qtl - qlo)Ptl = unu S qu~ O
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Let & € H, and assume that M, (#)§ = ¢,&. For an arbitrary ¢ € [0, u] we
have

M- (u) < (q: — q0)Pr + (qu — g:) Pu = qu,
giving the equality
(G — q0) P& + (qu — g Pu§ = qué.
Applying g, to both sides yields
9: P& = q§. 4)

Conversely, if for each ¢ € [0, u] equality (4) holds, then for any s < ¢ we have,
applying ¢, to both sides of (4),

q‘thf = q.vé,

and for any partitiond = {0 =1 <, < ... <t, =u}

Meoy@E =Y (@ —qi DPiE =) (@8 — 41 &) = 41, — 4u¥ = qué,

i=1 i=1

hence
M:(w)§ = lim Mze)()E = qut.-
We have thus obtained equivalence of the following conditions:

1) M:(w)§ = qué
(ii) foreach t € [0, u] q; P& = q;&,
or put in another way
(i) [qu — M ()]s =0
(ii") foreach t € [0,u] ¢, P& =0.

But condition (ii") is equivalent to the equality

(\/ q,Pﬁ) £=0,

which means that the projections ¢, — M. («) and V,<,q, P,L have the same null
spaces, so they must be equal:

- M) =\/qP,
<u
Consequently,

M) =q,—\/ aP" = )\ (@ — a:P").

t<u t<u
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Corollary 3.1. [fu = +o0 then

M. =N\ (g" +aP). ©)

>0

Indeed, we then have
Goo — @ P-=1—q,P" =g+ q, P,
and for t = +00

giving
My =M(00)= N (90—aP")= J\ (4" +aP)
0<r<+o0 0<r<+o0

0<t<4o0

Theorem 3.2. Let the set {M £(t) : t € [0, +00)} be norm-bounded. Then the
martingale (§(t)) can be stopped and

§c = lim M:&E(0).

Proof: Put
n@) = M.&(z). (6)

For each s, t € [0, +00) we have

Pgt + Py =P, fors <t

1
= (g +q.P) P,
Pgt +q. P for s > ¢ (qt @ t) s

P (g +qiP) = {

and from (5) we get
P M, =M. P;.
If s <t,then
Pyn(t) = PsMon(t) = M Psn(s) = M:n(s) = n(s),

which shows that (1(¢)) is a martingale, and since it is norm-bounded, we have
n(t) — n, as t — oo, for some n € H. From (6) we have

M (0)n(t) = Mc(0)M-£(t) = Mo (1)E(t) = §:(2).
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Now
M= (0)n(2) — Menll < |Mc(O)[n(t) — nlll + IIM-(£) — MInll < lIn() — ]|
+ Il [M: (1) — M:]nll — 0,
since lim,_, o, M. (t) = M., consequently
§(1) = M (t)n(t) — M.
But M. n(t) = n(t), and thus M. n = n, giving
§c = lim & (1) = Myn =1 = lim M:E(0).

Observe that the result of the last theorem perfectly agrees with what we have
for a closed martingale where also

Et = Mrg = tl_igloMfé(t)'

4. TIME PROJECTION AS A CONDITIONAL EXPECTATION

In this section we consider a question when the time projection can be treated
as a conditional expectation. A problem of this type was analyzed in Barnett and
Lyons (1986) for the Clifford probability gauge space and solved by using some
properties of the Clifford quantum stochastic integral. The solution we give here
works in the general context of an arbitrary von Neumann algebra; moreover it is
simple and does not employ any theory of stochastic integration.

Let t = (g, : t €[0,+00]) be a stopping time, and let M; be the time
projection. M can be treated as a conditional expectation if

M (x2) = yS2,
and the map E.: x — y is a conditional expectation. We then have
Ex)Q = M. (x).
Put
B, ={x € A:foreacht >0 xq;, =qx}=AN{q; :t € [0, +o0]}.

For any partition8 = {0 =1 <t < ... <t, = +oo} let

Argy={x e Aixq, =q,x € A,,i =0,1,...,n},
and let

A, = ﬂAr(g) ={x € A:foreacht > 0xq, = q;x € A,}.
0
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Theorem4.1. M |B is a normal faithful conditional expectation onto A, leaving
w invariant.

Proof: For a partition 0 = {0 =# <t < ... <t, = oo} define on 5, the
map E., by

ET(@)X = Z(% —q, JEx = ZEt,-((qt,- — i, ,)X)
i=1

i=1

=Y (E,x)q;, — qi,). x € Br.
i=1

O
For each t € [0, +00] we have t;_; <t < t; with some j, so
j—1 n
i Evoyx = q; Z(‘]t, —q;_)E,x + ‘It(CItj - Cltj,l)Et,»x +q Z (@ — 4 )Eqx

i=1 i=j+1
j—1
= Z(QI, - ql‘i—l)]Etix + (QI - qu—l)Etjx’
i=1

and

i1
(Er(é))x)% = Z(]Ez,x)(%[ - Qz[,l)Qz + (]Ez/-x)(%j - Qt/,l)CIt

i=1
n Jj—1

+ Y )y — 4 ) = Y Byx)gy, — q,_,) + By x)qr — qi,_).
i=j+1 i=1
But for x € B;

(g, — qv DEx =E,((q, — q,)x) = B x)qy, — g1,
and

(qr — q1; DE;x = Ex((qr — g1, )x) = By x)(qr — q1;),
which shows that

4t Ecox = (Ec)X) s

ie., E;gx € B;. Furthermore, foreach j =0,1,...,n

J J
qi; Ef(e)x = Z(Cln - qtlfl)Efix = Z(Elix)(qtf - qti—l) = (]ET(G)X)CII_,w
i=1

i=1
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showing that E;p)x € A; ). For x € Ay, we have E, x = x, hence
n
Eeoyx + ) (G = )x = x
i=1

which means that [E; ) is a projection from B; onto B, N A, . If x € B/, then
(ql; - qti—l)x = (ql; - qfi—l)'x(qti - qli—l) > 0,s0

Eeoyx = Y (@, — 1 )Byx = Y E,((q, — g,_)x) > 0,
i=1 i=1

thus E. ) is positive. Since E; )1 = 1, we infer that ||E, || = 1, and by virtue of
[Stratila, 1981, Theorem 9.1, p. 116], E, ) is a conditional expectation. We have

(Er0)x)Q = M, (xQ), x € B;.
Put
xp = Er)x.
Then {xg} is a bounded net of elements in .4, and for each x’ € A’

x0(x'Q) = X' (6 Q) = X' (Er0)x)Q = x' M (6)(xQ2) = x' M (xQ).

Thus the net {x,} converges on the dense subspace A'Q2 of H, and since
lxgll < |llxll, it follows that {xg} converges in the strong operator topology on
A, consequently, there is y € A such that x, — y strongly.

Let

Etx =y= lignxg = li;nE,(g)x, X € Br.

Clearly, E; is a linear positive map on 3, such that
Ex)Q =M, (x2), x € B;.
Since E.1 =1, we have ||E, || = 1. For any partition 6 and x € B,,
Ero)Erx)Q = M) (B x)Q) = Mro)M: (x2) = M (x2) = (E.x)Q,

showing that E;y)E, = [E,, since €2 is separating.
Accordingly, E;x € A for each 6, and it follows that E;x € (1), A9 = A..
Furthermore, if x € A;, then E;)x = x for each 9, so

Erx = 119m Ef(g)x =X,

which means that [E; is a projection onto 4., and thus a conditional expectation.
From the equality

w O Er(g) = w,
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we obtain
wolE; =w,

which, since [E; is positive, implies faithfulness and normality of E,.

Let us observe that in an entirely analogous way we can obtain a correspond-
ing result for the time projection M (u).

Indeed, putting

B:(u) ={x € A:foreacht <u xq, = q;x}
A.(u) = {x € A:foreacht <u xq, =qx € A},

we get that M, (u)|B;(u) is a conditional expectation onto ¢, A, (u)q,.
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